Abstract. For an elastic body containing periodically distributed voids, several effective techniques are presented which can be used to obtain the effective elastic moduli with any desired degree of accuracy. The results include the effects of void geometry as well as void interactions. For a body containing spherical voids, numerical results are presented and compared with those obtained by other methods.
1. Introduction. Estimates of the overall elastic moduli of an elastic solid which contains voids or cracks are of considerable theoretical and practical interest. In view of this, different methods have been developed by various authors. Most approaches fall into the following classes: (1) self-consistent model, (2) variational approach, (3) statistical method, and (4) exact solutions.
What is now known as the self-consistent method has been used by MacKenzie [1] and later Kerner [2] to estimate the elastic and thermoelastic properties of a solid containing spherical voids [1] and a composite solid [2] . In this approach, say, the void is surrounded by a matrix shell which in turn is surrounded by an unbounded porous material. The elastic moduli derived by these authors [1, 2] turn out to be the same as the lowest upper bound later obtained by Hashin and Shtrikman [3] by a variational approach. Hill [4] and Budiansky [5] have used the self-consistent method to estimate the elastic moduli of composites; where the inclusion is regarded as being embedded in an unbounded medium which has the same elastic properties as those of the composite and which is subjected to the prescribed uniform loading at infinity. Then Eshelbyv [6] solution for an ellipsoidal inclusion embedded in an unbounded elastic medium ;s used to estimate the final results. Hill [4, p. 220] points out that the self-consistent method is "unreliable under extreme conditions", i.e. for voids and rigid inclusions, "exc • .vhen the dispersed phase is sufficiently dilute". It should be mentioned that the self .^.isistent method had been used earlier by Hershey [7] and Kroner [8] to construct a model for polycrystalline materials.
Within the framework of extremum principles in elasticity and by introducing a comparison model and a polarization stress, Hashin and Shtrikman [3] derive bounds on the effective elastic moduli of composites. In the case of voids, their method yields only the lowest upper bound, the corresponding highest lower bound becoming zero.
In actual cases void distribution and void geometry are statistical in character, and therefore must be regarded as randomly varying quantities. To account for this, Willis [9] has generalized Hashin and Shtrikman's [3] method, and has discussed a two-point correlation function for composites of this kind. In an earlier work [10] Christoffersen dealt with randomly distributed voids or inclusions in an infinite elastic medium, assuming a constant transformation strain within each void or inclusion. Recently, Afzali and Nemat-Nasser [11] have estimated the elastic moduli for a solid containing periodically distributed voids by calculating the " effective " body forces which must be placed at the center of each void in order to render the void surface traction-free. In this calculation the interaction effects are taken into account to a large extent. However, the results are not exact, although they show considerable improvement on various previous results. This will be discussed later on.
When the voids or inclusions have simple geometries and are periodically distributed, one may attempt to construct exact solutions. Eshelby's [6] results for an ellipsoidal inclusion in an infinite medium are of this kind, where the periodicity length can be regarded as infinity. Eshelby introduces the concept of transformation strain which, in the case of one ellipsoidal inclusion in an infinite medium, turns out to be constant. For a body containing periodically distributed voids and inclusions, one may effectively employ the concept of transformation strain which, however, will no longer be a constant tensor. On the other hand, because of periodicity, one may confine attention to a unit cell, expand the transformation strain as well as other field quantities in appropriate Fourier series, and then construct an integral equation for the corresponding unknown transformation strain. Then this integral equation may be solved by various schemes. For an elastic solid containing periodically distributed voids of the same geometry, we have carried out in this paper the program outlined above.
In Sec. 2 we exploit the concept of transformation strain and obtain an integral equation for this quantity, where the corresponding integral extends over the void volume only. The integral equation involves an infinite series. In Sec. 3 we examine the convergence of this series and present several approximate and one exact method of solution. In addition, we give several illustrative examples. All calculations are performed for spherical voids arranged in a simple cubic lattice; however, generalization for other void geometries is mentioned. In Sec. 4 we outline the variational approach for estimating the overall elastic moduli, use the results of Sec. 3, and obtain overall moduli for some special cases. We then compare our results with those of other authors when the Poisson ratio of the matrix is taken equal to 0.3.
2. Formulation. Consider an infinitely extended isotropic elastic body which contains periodically distributed voids of common geometry and dimensions, in such a manner that the body may be regarded as a collection of unit cells of identical dimensions, each containing one or several voids. In this work the unit cell is assumed to be a parallelepiped with dimensions A; measured along the rectangular Cartesian coordinate axes i = 1, 2, 3. The body is subjected to the overall average far-field stresses tr°-, as schematically shown in Fig. 1 for the special case of spherical voids; here and in the sequel all subscripts take on the values 1, 2, 3, and repeated indices are summed over the same values unless stated otherwise. In the absence of any voids (homogeneous solid) the corresponding strain field would be given by Cijk, ekl = a°j, where
and where A and n are the Lame constants for the matrix, Cijki being the corresponding elasticity tensor; in (2.1) <5y is the Kronecker delta. The existence of voids disturbs the homogeneous stress and strain fields, and the total stress field can be expressed as
where <xu = CUklekl is the perturbation stress field introduced by the voids, the corresponding displacement perturbation being u;, and hence = l(Mi, j + uj, ■); a comma followed by an index denotes partial differentiation with respect to the corresponding coordinate. In (2.2) D denotes the domain occupied by a typical unit cell (parallelepiped) of dimensions A; and Q is the domain occupied by the cavities contained in that unit cell. The geometric periodicity implies the periodicity of the perturbation field o-y, el7, and ut. Moreover, within the region Q the total stress field must vanish. To assure this, one may introduce a transformation strain e* which is identically zero in D -Q, and is a periodic function1 of x. In each cavity within a cell, the total stress must vanish, i.e. "I = Cijk,(4 + ekl -£?,) = 0 in ft, (2.3) and hence
The total stress must satisfy the equilibrium equation <tJ j = 0, and since efj is a constant field, (2.3) yields
Because of the periodicity, the fields w, and e* can be expressed in the Fourier series as2
Mx) = X "k(^)e'5' x-e*i(x) = Z SJKSV*' x, 1 Even for ellipsoidal cavities, e* will not be a constant in the present case. 2 Here and in the sequel i is used to indicate yj -l, although it is occasionally also used as a subscript index. The context makes the usage clear.
3 From (2.6), it is observed that the constant term associated with n = 0 is automatically excluded (by differentiation) in (2.7), and hence this term does not enter the integral equations (2.11) and (2.13).
Upon substitution from (2.8) into (2.7), one arrives at «*» = TCPqJ.mKZ<Nkp(k)e* * .
(2.10)
Finally, by direct substitution into (2.4), one deduces the following integral equation for the unknown transformation strain £?,: and where, in arriving at (2.11), we have also used the identity = Cijki e°( . For the calculation of the effective elastic moduli only the average value of the transformation strain taken over the void volume is required. Integrating both sides of (2.11) over the void volume and dividing the results by the void volume Q, we obtain
where 0O(S)= (2.14)
J Ci 3. Solution methods. We shall now consider several solution methods for Eqs. (2.11) and (2.13). To render our results more explicit, we shall confine attention first to the case where each unit cell contains only one spherical void of radius R, with the center located at the center of the unit cell which we choose as the origin of the coordinate system. Then we generalize our results for application to cases where the unit cell may include one or several voids of possibly dissimilar geometries, e.g. one spherical void and one cylindrical void. Note that in the case of equally spaced spherical voids, we have a cubic unit cell. Hence we set At = A2 = A3 = A. With the aid of this result, we first examine the convergence character of the infinite series4 in (2.13). To this end we observe that the function Fklrs(t,) remains finite as n} (and hence £,•) takes on large values. On the other hand, both the integral and the term g0(£,) in this series go to zero like 1 /n2 as n}~* ±oo, and hence the infinite series converges absolutely, its terms going to zero like l/n4 as rij-* ±oo. To see this, we estimate the integral as follows. The transformation strain is bounded, | e* | < M in il, where M is a positive finite constant. Then 2) which shows that the terms of the infinite series in (2.13) are of the order of l/£4 for large values of £.
We shall now examine several methods for solving Eqs. (2.11) and (2.13), starting with the simplest approximation which utilizes Eq. (2.13).
3.2 Simplest approximation. The structure of Eq. (2.13) suggests a simple method for approximating £*,. It is obtained if we estimate the integral in the right-hand side as follows:
Then (2.13) yields ± 00 MA n i = 0 ers -Ekl> (3) (4) from which e£ can be calculated by matrix inversion. It should be noted that the approximate solution (3.4) does indeed take into account void interaction effects as well as the influence of void geometry. In this solution the quantity g0(£,) reflects the void geometry, whereas the value of the infinite series accounts for the void interaction. Therefore the corresponding results are expected to be quite accurate, as, in fact, they are; this will be shown by means of examples later on.
Examples. As an illustrative example, we apply Eq. (3.4) to the case where = e°dkl, i.e. uniform dilatation. Hence, we take ejf, = £*5kl, and observe that (3.4) yields £°1 6;r2 (sin cR -qR cos gR)2 1 ~~ lOA 3 L z6 3QAJ nf==0 V e = QjZj, Zj = Inrij/K, tij = ±0, ±1 (3.5)
We note that the infinite series in (3.5) converges rapidly. In Sec. 5 the accuracy and convergence rate of (3.5) are illustrated. As a second example, consider a simple shearing where e?2 # 0 and ef2 # 0, while all other components are zero. Eq. (3.4) then yields In Sec. 5, this and related results are illustrated numerically.
We note that simple shear may be produced by setting = e°, £°2 = -e°, and F* p* p*
bll -e*, £22 = -e*, with all other components being zero. Then Eq.
The values obtained from this equation are discussed in Sec. 5, where it is shown that, (3.6) and (3.7) do not yield identical results, as has also been observed by Christoffersen [10] , using a different approach.5
3.3 Polynomial approximation. We shall now consider more accurate estimates for the transformation strain, using Eq. (2.11). To this end we approximate the transformation strain by a polynomial with unknown coefficients which are then calculated with the aid of (2.11) and either a Galerkin method or a variational approach. In the present context, the former yields a more effective computational tool, whereas the latter involves series which may not even converge.
For illustration we consider the case where the unit cells are cubes of dimension A and contain a centrally located spherical void of radius R. Then we estimate the transformation strain by e*(x) = CJ||x/KI" (sum on a), a = 0, 1, 2, ..., K, (3 In Appendix A explicit expressions for g7 are listed.
With the aid of (3.8) and (3.9), the integral equation (2.11) is reduced to p° -bkl -^kr^ls £' FklrA\)9*{%Yl'X A 3R" a = 0,1 (3.11)
To calculate the unknown coefficients C's from this equation, we may use a Galerkin method, as discussed below.
Galerkin method. To obtain a system of linear equations for the unknown coefficients C"s, we multiply both sides of Eq. As seen from Appendix A, the quantity gx is of the order of l/£2 for large £. Therefore, the infinite series in (3.12) converges like l/<^4.
We note that for a = = 0, Eq. (3.12) reduces to (3.4) if we identify C° with £* .
Hence the coefficients Crs for a = 1, 2, K represent the deviation of the transformation strain from uniformity.
Since only the average value of the transformation strain enters the calculation of the effective elastic moduli, from (3.8) we have £kl -c«LL d\ = C° + fC1 + |C2 + ■■■. Using a three-term approximation, i.e. a, jS = 0, 1, 2, we have calculated the results obtained from the system of equations (3.12), which correspond to uniform dilatation and simple shear. These and related numerical results are presented and discussed in Sec. 5.
Variational method. The calculation of the unknown coefficients in the polynomial approximation (3.8) may be based on a variational approach. Although this may sound more appealing, it leads to infinite series which may not be convergent. Here we shall obtain the corresponding equations.
There are various ways by which a relevant variational statement can be constructed. The simplest seems to be to use the virtual work method. To this end we observe from Eq. (2.3) that the total stress must vanish within the voids in a typical cell. With Suj representing a smooth virtual displacement and 5ujUi the corresponding gradient, we multiply both sides of (2.3) by the virtual displacement gradient Sujti, sum over i and j, integrate the results over fi, and arrive at | QjkiK i + "t, i(x) -£?/(*)) ;•(*) dx = 0.
(3.14)
We now approximate the transformation strain by (3. where we have set equal to zero the coefficients of <5Cfj and where <r?-= Cijk( e°,. In this system of linear equations the double-triple infinite series in the left-hand side of (3.16) is a source of considerable computational difficulties, and indeed may not be convergent. This makes the method ineffective.
3.4 A complete solution method. Since the kernel of the integral in (2.11) is separable, this equation may be reduced to a system of linear algebraic equations for the unknown coefficients EJZ,) = f E*(x')e-ii x'dx'.
(3.17)
To this end we multiply both sides of (2.11) by integrate the results over Q and, rearranging terms, arrive at -9o(r\K = -£*,(Tl) + i If JWgfefoOl -WrM (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) (15) (16) (17) (18) A nj=0
This is an infinite system of linear equations for the unknown coefficients £«(%). For each fixed t] the infinite series in the right-hand side converges better than l/c4 This can be seen from (3.1) and the estimate (3.2). Moreover, these unknown coefficients go to zero with increasing t, like l/£2. Hence, in actual calculations only a finite number of equations and the same finite number of terms for the infinite series may be employed. In this manner, the final solution yields £?,(*) * + if FhJQEJ&V*-*, (3.19)
where the infinite series is truncated after tij = ± N, the corresponding number of linear equations in (3.18) then being (2N + l)3. We note that in the matrix representation of the right-hand side of (3.18) the matrix of the coefficients of the unknowns is strongly dominated by diagonal elements, and the off-diagonal elements diminish like l/|r) -£|2. Hence, one may not need to include too many terms in order to obtain reasonable estimates. Moreover, for the calculation of the effective elastic moduli, we need to obtain only the most dominant terms in (3.18), namely £rs(0) = e*(x ) dx'.
(3.20) n 3.5 Generalization. In all the equations presented above for various solution schemes, the only quantity which relates to the void geometry is gC((^). Therefore the basic solution schemes can be applied to any porous elastic medium which consists of a collection of cubical (or parallelepiped) unit cells, each containing the same number of voids with the same geometrical structure. where we have used Hooke's law, the Gauss theorem, and the fact that both <x° and au are stress fields in equilibrium with zero body forces. Moreover, we have noted that the transformation strain £* is zero in D -H, where Q is the region occupied by all voids contained in the total domain D.
Denote by C*kl the overall effective elastic modulus tensor of the porous body, and let D?jkl be the corresponding elastic compliance; the elastic compliance of the matrix will be denoted by Dijkl. By definition, the total elastic energy of the porous body is jD*kt Cy akl , which, in view of (4. where e* is the average value of the transformation strain over Q, defined in Eq. (2.13); note that Qd* = £,/0), as seen from (3.17). We now decompose the applied stress into the dilatational <x° and distortional imparts as <Jy = + k°<5y, (4.5) and under the assumption of overall isotropy6 obtain from (4.4)
where K* and n* are, respectively, the overall bulk and shear moduli of the porous elastic body, K and /i those of the matrix, and where O = 4nR3/3 and A is the void spacing. From Eq. (4.6) we can calculate the effective moduli from the knowledge of e*.
Examples. First consider a uniform dilatational stress field afj = and from 5. Discussion and numerical results. For an elastic body containing periodically distributed voids of arbitrary geometry, several computational schemes were presented in the preceding section by means of which the effective elastic moduli and the stress and strain fields can be estimated. Here we shall examine and illustrate in detail the convergence behavior of the infinite series involved give several numerical examples, and compare the resulting estimates of the effective elastic moduli with those reported by others using different methods.
Consider first the infinite series in Eq. (3.5). The individual terms in this series depend only on the magnitude of the vector ^ = 2ntij/A, rij = ±0, -I-1, ±N, if the series is truncated at nj= ±(N + 1). The dominant term in this series is cos2 £R/£4. Hence the total truncation error is less than A/t;(N +1), where A is a positive constant. In view of this, we need only to include the term associated with tij for which the magnitude of the vector is less than or equal to 2nN/A. Similar comments apply to the infinite series involved in Eqs. (3.6), (3.7), and (3.12).
We have calculated the right-hand sides of Eqs. (3.5), (3.6) and (3.7) for different values of N in order to examine the convergence of the involved series. The calculations pertaining to the estimate of the bulk modulus, using the simplest approximation, Eq. (3.5), together with Eq. (4.7), are shown in Table 1 for the values of N indicated and the void volume fraction / = 4nR3/3A3. As is seen, convergence is reasonable. In addition to this, we have also obtained results using the complete solution method of Sec. 3.4. This involves considerable computational effort, and is used to confirm the estimates presented in Table 1 . For example, for N = 4 and / = 30%, the simplest approximation gives K*/K = 0.670, whereas our complete solution gives K*/K = 0.664.
The simplest approximation is actually a one-term Galerkin estimate, as is seen by comparing Eq. (3.5) with (3.12) and (3.13). In Table 2 the estimates for the effective bulk modulus obtained by two-and three-term Galerkin approximations, are summarized for N = 4. As is seen, again the simplest approximation reported in Table 1 appears quite adequate.
The estimates of the effective shear modulus obtained by the simplest approximation, Eqs. (3.6) and (4.8), are presented in Table 3 for various values of N. Here the rate of convergence of the infinite series involved follows essentially the same pattern as that displayed in Table 1 . In Table 4 we have compared the results of Eqs. (3.6) and (4.8) with those of (3.7) and (4.9) for N = 4. The corresponding estimates by the three-term Galerkin approximation are given in Table 5 . Finally, Table 6 An examination of these numerical results reveals that the basic method is indeed very effective and that, in all cases, the simplest approximation provides adequate estimates. In Figs. 2 and 3 we have presented the effective bulk and shear moduli, respectively, and compared our results with those of previous investigations, as indicated.7 MacKenzie's solution does not include void interaction, whereas the solutions given by Afzali and Nemat-Nasser, while approximate, do include to a certain extent the interaction effects. The present results, on the other hand, take into account the interaction effects completely. It is seen that the void interaction has a strengthening effect on the overall behavior of the solid, as would be expected. The curves in Figs. 2 and 3 labeled NONINTERACT-ING VOIDS were obtained on the basis of the Eshelby solution for a single void in an infinite medium. In all the above-mentioned results, the Poisson ratio for the matrix is set equal to 0.3.
It should be noted that the authors mentioned in Figs. 2 and 3 have considered elastic media containing randomly distributed voids or inclusions, whereas here we have examined the case of periodically distributed spherical voids, as also considered by Afzali and Nemat-Nasser [11] . 7 A brief discussion of these solutions is given in Appendix B. T" /<3-/> • ,B4)
In this case, i.e. for v = 0.5, we have K* = /i* = 0 for/= 0.5.
